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Abstract. We show that if A' is a non-trivial knot inside the homology 
sphere X, then the rank of HFK(X, K) is strictly bigger than the rank 
of HF(X). 
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1. Introduction 

The knots inside rational homology spheres with simple knot Floer homol- 
ogy have attracted increasing attention in the past couple of years. Under- 
standing such knots appears in the study of Berge conjecture on the knots 
admitting a lens space surgery. 

By definition, a knot K inside a three-manifold X has simple knot Floer 
homology if the ranks of HF(X, Z/2Z) and HFK(X, K; Z/2Z) are equal (c.f. 
[HedHlRas] ). If a knot K d admits a Lens space surgery L{p, q) = Sp{K), 
we may consider the induced knot Kp C Sp{K) = L{p,q) generating the 



Key words and phrases. Heegaard Floer homology, rank. 

1 



2 



EAMAN EFTEKHARY 



first homology of this rational homology sphere. If this happens, the knot 
Kp will either have simple knot Floer homology or p = 2g{K) — 1, where 
g{K) denotes the genus of the knot K. In this later case, we will have 
rk(HFK(Kp)) = rk(HF(L(p,g)) ) + 2= p + 2 (see [ifedTllRii] ). Note that 
by Cyclic Surgery Theorem of |CGLS] any Dehn surgery on K yielding a 
lens space must be integral unless K is a, torus knot, and we may thus re- 
strict our attention to integral surgeries. Moreover, the surgery coefficient 
of an integral surgery resulting in L{p, q) is clearly equal to p. 
Berge conjecture is then almost reduced to showing that if a knot K' C 
L(p, q) has simple knot Floer homology it is simple, in the sense that it may 
be represented by a genus 1 doubly pointed Heegaard diagram [Hedl[ iRas] . 
This is an example of a situation where we need to understand the topologi- 
cal implications of the assumption that a knot K in a three-manifold X has 
simple knot Floer homology. 

In this paper, we consider the case where X is a homology sphere, and give 
a complete answer in this situation: 

Theorem 1.1. If K is a non-trivial knot inside the homology sphere X, 
then K does not have simple knot Floer homology, i.e. 

rk(HFK(X,ir;Z/2Z)) > rk(HF(X; Z/2Z)). 

This means that the trivial knot is the only knot inside a homology sphere 
which has simple knot Floer homology. 

The techniques used in this paper are unfortunately limited to integral ho- 
mology spheres and may not be extended to other (non-homology sphere) 
three-manifolds. In fact, the theorem, as stated above, is no longer true 
once we allow rational homology spheres. Namely, we will see in section [6] 
that surgery on torus knots gives examples of knots with non-zero genus 
in certain L-spaces which have simple knot Floer homology. It is worth 
mentioning that in fact, the following theorem which will appear in a fu- 
ture paper [Ef4] shows that every example of a knot with simple knot Floer 
homology which is obtained by surgery on a knot in S"^ lives in a L-space. 

Theorem 1.2. If K C X is a knot in a homology L-space X (in particu- 
lar X can be the standard sphere S"^) so that the rationally-null homologous 
knot L = Km C Sm{K) = Y obtained by m-surgery on K has simple Floer 
homology, Y is a L-space. 

We will also discuss the example of the Borromean knot inside #"^{3^ x 
S"^), which is pretty interesting from the viewpoint of our constructions in 
this paper. The knot Floer theory of this null-homologous knot behaves very 
similar, in many aspects, to the knot Floer homology of knots inside integer 
homology spheres. However, we will describe the more tricky reason why 
the argument presented in this paper does not work for the Borromean knot. 
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This paper is organized as follows. In section [2] we will review some back- 
ground material on knot Floer homology which will be used in this paper. 
In section [3] an exact sequence for knot Floer homology will be constructed, 
and in section [4] some surgery formulas for knot Floer homology will be ob- 
tained from this exact sequence. This is the central ingredient of the proof 
of our main result, and the lack of an extension in the case of arbitrary 
manifolds is probably the main obstruction of generalizing our theorem. In 
section [5] we will gather all this data to prove our main theorem. Finally in 
section [6] we will discuss examples of knots inside three- manifolds which are 
not homology spheres and violate the above conclusion, showing that the 
above theorem is limited to integer homology spheres. 

Acknowledgement. I would like to thank Matt Hedden for very helpful 
discussions which resulted in correcting a mistake in an earlier version of 
this paper, as well as understanding the examples in the last section of the 
current version. I would also like to thank Yi Ni for interesting discussions, 
and to thank MSRI for providing an opportunity for such interactions. 

2. Knot Floer homology background 

2.1. Relative Spin'^ structures and rationally null- homologous knots. 

We borrow most part of this subsection from [Ni]. Let X be a rational 
homology sphere and K he a knot inside X, which is not necessarily null- 
homologous. Consider a tubular neighborhood nd{K) of K and let T be the 
torus boundary of this neighborhood. Let /x = fix C T be a meridian of K, 
i.e. fi bounds a disk in nd(i^), and let A C T be a longitude for K, which 
is a curve that is isotopic to K in nd{K). If K is null-homologous in X, we 
will assume that A is in the kernel of the map 

: Hi(r,Z) ^ Ri{X -nd{K),Z) 

induced by the inclusion map i : T = d{X — nd(i^)) — > X — xi(i{K). When 
K is null-homologous such a curve exists. We may assume that A and 
/i intersect each other in a single transverse point. Having fixed these 
two curves, by (p, g)-surgery on K we mean removing nd(i^) and replac- 
ing for it a solid torus so that the simple closed curve p^i + qX bounds 
a disk in the new solid torus. Denote the resulting three- manifold by 
Xp/g{K). The core of the new solid torus would be an image of in 
Xp/q{K) which will be denoted by Kp/^ C Xp/g{K). Let Ilp^q{K) be the 

Heegaard Floer homology group }lFK{Xp/g{K), Kp/^; Z/2Z) associated with 
the rationally null homologous knot Kp/g. Relative Spin'^ structures on 
X — nd(i^) which reduce to the translation invariant vector field on the 
boundary form an affine space Spiif{X,K) over R'^{X,K;Z), and clearly 
we will have Spiif{X,K) = Spiif{Xp/g{K), Kp/g) in a natural way. The 
group Ilp/g(K) is decomposed into subgroups associated with relative Spin^ 
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structures: 

(1) ^p/,{K)= Mp/,(K,5). 

se Spin'= (x,j<:) 

There is a natural involution 

(2) J : Spin" (X, ET) ^ Spin^ (X, K) 

which takes a Spin'^ class s represented by a nowhere vanishing vector field 

V on X — nd(-R'), to the Spin'^ class J(s) represented by —V. The difference 
s — J(s) G H^(X, K; Z) is usually denoted by ci(s). There is a symmetry in 
knot Floer homology of knots inside rational homology spheres which may 
be described by the following formula 

(3) HFK(X,K,s) ~ HFK(X,i^, J(s) +PD[^]). 
Thus we would also have 

EIp/,(i^,s) ^ EIp/,(K, J(s) +pPDM + gPD[A]). 

Suppose that (S, a, /3; u, f ) is a Heegaard diagram for the knot K, such 
that P = (3q\J {fi = (S, Q:,/3o) is a Heegaard diagram for X — nd(K), 
while ^ = fig represents the meridian of K and the two marked points 
u and V are placed on the two sides of Pg. Think of the vector space 
B = HFK(X,K;Z/2Z) = n^{K) as a vector space computed as B = 
HF(E, Q, /3; M, I"). Letting holomorphic disks pass through the marked point 

V in the Heegaard diagram gives a map c^b : B ^ B, which is a filtered dif- 
ferential on the filtered vector space B, with the filtration induced by Spin*^ 
structures. To define this filtration we should consider a map 

(4) 5,,. : T„ n ^ Spin^(X, K) 
defined in [Ni] . 

For s, t G Spin'^(X, K) we will write t > s if 

t-s = nPD[/i] G H2(X,ir;Z), n G Z-°. 

Let 

B{>s}= B(t). 

tGSpin^(X,ii') 

Then the subspace B{> s} of B is mapped to itself by the differential d^. 
The homology of the complex {M,d-B.) gives HF(X;Z/2Z) = H^{M,dM). In 
fact, define the relative Spin'^ structures t, s G 'Q^vcf{X,K) equivalent if 

t - s = nPD[/i] G H^(X, K; Z), for some n G Z. 

Denote the equivalence class of s by [s] , and note that the equivalence classes 
of relative Spin'^ classes in Spin'^(X, K) are in correspondence with Spin'^(X) 
if K is null- homologous. In general, we have the maps 

Gp/g : Spin^(X,i^) Spm^Xp/giK)), 
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obtained by extending the translation invariant vector field on d{nd{Kp/q)) 
to the whole solid torus. The map Gp/q is surjective, and Gi/^ is constant on 
any equivalence class [s] C Spin'^(X, K) for q G ZU{oo}. In particular, GooM 
is a Spin*^ class in Spin'^(X), which will be denoted (abusing the notation) 
by [s], if there is no confusion. 

Let IB{[s]} be the subspace of IB generated by the generators in relative Spin'^ 
classes equivalent to s. By the above considerations reduced to a differen- 
tial on ]B{[5]} and HF(X, [s]) = //=k(B{[s]}, ^b). In particular, we will focus 
on the equivalence class of relative Spin'^ structures s G Spiif{X,K) such 
that [ci(s)] = [s] - [J(s)] is equal to [PD(A)] in R'^{X;Z) in section El 



2.2. Knot Floer homology and Seifert genus. For any Spin*^ structure 
5 define 

, , f) : Spin^(X,i^) ^ R'{X,K;Q), ^ ■= "'^^^ ~ ^^^^ 

(5) 2 

: T„ n ^ H2 (X, Q) , f) (x) : = f) (s,,, (x) ) . 

Let x, y G Tq n be a pair of generators. The path e(x, y), which is a 
union of two arcs connecting x and y on and respectively, represents 
an element in Hi(X, Z). Since X is a rational homology sphere, there is 
some integer k such that for a 2-chain V on S, A;e(x, y) is homologous to 
dV, plus a linear combination of a and (3 curves. With these assumptions, 
we will have 

(6) f),,,(x) - {)„,,(y) = !^!M^^^.PD[H G U^X, K; Q) = Q. 

k 

This defines a Q-grading on B, which is called the Alexander grading. More 
precisely, for any class j G H'^(X, K;Q) = Q we may define 

(7) CFK{X,K;j):= CFK(X,i^;s). 

seSpm^(X,K) 

The following theorem of Ni [Nij allows us compute the genus of a knot 
K C X as above, using Heegaard Floer homology: 

Theorem 2.1. Suppose that h G ii2iX, K;Q) is an integral class. Then h 
may be represented by a properly embedded surface without sphere compo- 
nents. Let x(^) be the maximal possible value of the Euler characteristic of 
such a surface. Then 

(8) -x{h) + \h.[ii]\= max 2(j,/i). 

jGH2{X,ii-;Q)=Q 
'SFK{X,K;j)^0 

When X is a homology sphere, the classes j G H^(X, Er;Q) = Q such 
that HFK(X, Er;j) ^ 0, are all integral classes in ]i'^{X, K;Z) = Z, where 
this later group is generated by the Poincare dual of the meridian of 
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K. Furthermore, the correspondence taking s € Spin'^(X, i^) to j(s) = 
(ci(s) - PD[/i])/2 G R'^{X,K;Z) = Z gives an identification of Spin^ struc- 
tures with Z. In this case, the number of direct sum components on the 
right hand side of equation [7] is either 1 or zero, depending on whether the 
class j is integral or not. 

2.3. Two surgery theorems for Heegaard Floer homology. Suppose 
that K is a knot inside the homology sphere X. Denote the knot Floer 
complex associated with K hy C = C{K) = CFK°°(X, K; Z/2Z). If C{K) 
is generated by generators [x, G (Tq, n T^) x Z x Z, where Tq, and 
are the tori associated with a Heegaard diagram used for the construction 
of C{K), for any t G R'^{X,K;Z) = Z = (hk), let At be the free abelian 
group generated by those generators [x, i, j] such that max{z, j — t} = and 
= 0. Here j(x) G Z is the integer in Z = H^(X, K) associated with 
the relative Spin'^ structure s = s(x) via 5 i-)- (ci(s) — PD[/i])/2. Note that 
the association s i-^ (ci(s) — PD[;u])/2 gives an identification of Spin'^(X, K) 
with Z, which will sometimes be implicit in our notation in this paper. 
Denote the homology of the chain complex At, with the differential induced 
from C, by A^. 

Let (i,]B) be a copy of the homology group B of the complex B generated 
by the triples [x, 0,j] such that + j = (with the differential induced 
from C{K)). Let 

A = 0A„ B = 0(s,B), 

sGZ sgZ 

and define u : A — > B as the sum of the respective maps 

/i^ : A, ^ (s - n,B), : A[s] ^ (s, B). 

The map v'^ is defined as the map in homology induced by projecting At = 
C{max(z, J — t) = 0} on C{i = 0}, while hf^ is defined by first projecting At 
on C{j — t = 0}, and then using the chain homotopy equivalence of this last 
complex with C{i = 0}. Note that B is the homology of the chain complex 
C{i = 0}. Ozsvath and Szabo proved the following theorem in |QS5j : 

Theorem 2.2. The homology of the mapping cone M(ci„) of dn = hn + v : 
A — )• B zs isomorphic to HF(X„(i^); Z/2Z) for any integer n G Z. 

The second surgery formula is the combinatorial rational surgery formula 
from pe]. Let M,{K) denote the group UFk{X„K,) for • G Q U {oo}, as 
before. Choose a Heegaard diagram 

H = {T.,a = {ai, ...,ag},PQ = 

for X — K, and set 

= {/3^...,/3^_i,A.}, *G {0,1,00} 

where /3* is an isotopic copy of the curve Moreover, denotes an 
oriented longitude which has framing coefficient • G {0, 1, oo} (with Aqo = A* 
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the meridian for K). One can choose the curves Aj, so that the pairs (Aqo, Ai) 
and (Ai,Ao) have a single intersection point in the Heegaard diagram. Let 
(•,*) € {(oo, 1), (1, 0)} correspond to either of these pairs. There are four 
quadrants around the intersection point of A, and A^. If we puncture three 
of these quadrants and consider the corresponding holomorphic triangle map 
associated with this triply punctured Heegaard triple, we obtain an induced 
map H, — )■ H*. More precisely, The triangle map, is constructed from the 
pointed Heegaard triple 

(S, Q!, /3,, /3^, three punctures). 

If the punctures are chosen as in figure [H the result would be two maps 
(t){K),'4>{K) : Eloo(i^) ^ Hi (if) and two other maps ip{K),i>{K) : Mi{K) 
Mq{K), such that (j){K) and ip{K) correspond to the marked points on the 
right-hand-side of figure [1] and ipiK) and ip{K) correspond to the marked 
points on the left-hand-side of figure [TJ These 4 maps are part of the long 
exact sequences in homology: 

(9) 

. Moo(if) Hi(K) -^-^ MoiK) >- Moo{K) ' > & 



, , SiK) , , MK) , , , , 6(K) 



The homology of the mapping cones of (piK) (or (p{K)) and ip{K) (or 





Figure 1. For defining chain maps between C,{K) and 
C^{K), the punctures around the intersection point of A, 
and A^ should be chosen as illustrated in the above diagrams. 

i^iK)) are Mo{K) and Moo{K), respectively. Let r]{K) = ip{K) o (j){K) and 
r]{K) = ip{K) o (f){K). With the above notation fixed, the following surgery 
formula is proved in |Ef2] : 

Theorem 2.3. Let K he a knot in a homology sphere X and let the com- 
plexes H, = M.,{K), • € {00,1,0} and the maps (l){K)^(j){K)^%l){K) and 
ip{K) between them be as above. The Heegaard Floer homology group of 
Xpiq{K), the manifold obtained by ^-surgery on K (for a pair of positive 
integers p, q with {p, q) = 1), may be obtained as the homology of the complex 
(®, d) with 

q \p-q\ p 

m= (0Moo(*)) e(0iHi(i)) e(0iHo(i)), 

i=l 1=1 i=\ 
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where each M,{i) is a copy o/H, . Moreover, when p > q, the differential d 
is the sum of the following maps 

T/^MooW ^lHo(i+p-g), r?^ MooW ^ IHo(i), i = l,2,...,q 

V'^' :]Hi(j) ^EIo(j), ? :EIi(j) ^Mo(j + g), j = 1,2, ...,p - q, 

where V'* is the map ip{K) corresponding to the copy of Hi, etc.. 

Whenever q > p the differential d of the complex would he the sum of the 
following maps 

r]' : Hoo(i) ^ Ho(i + q-p), t : m^{i) ^ Ho(i), i = 1, ...,p 

:Hoo(i) ^IHi(j), 0^'+VHoo(j+(?)^Hi(j), 3 = 1,..., q-p. 

Remark 2.4. Our notation in |Ef3j and |Ef2j /or holomorphic disks connect- 
ing two generators x andy corresponding to a Heegaard diagram {Ti,a, (3, z) 
is different from that of Ozsvdth and Szabo in |OSlj . This cooks up Floer co- 
homology groups rather than Floer homology groups. In order to use surgery 
formulas of Ozsvdth and Szabo, some minor modification in the statement 
of the results from [0S5] is thus needed. This should justify the difference 
between the statement of theorem \2.S\ and theorem 1.1 from [0S5j (other- 
wise, we should have defined the map from Ag to {s + n,M) rather than 
(s - n,M)). 

3. An exact sequence for knot Floer homology 

As mentioned in the introduction, formulating a similar theorem for knots 
(not necessarily null-homologous) inside rational homology spheres is very 
interesting and is related to Berge conjecture. Yet, the techniques used in 
this paper are limited to homology spheres, to some extent. In order to make 
these limitations more clear, we choose to state the central construction of 
this paper in the context of rationally null-homologous knots. 

3.1. The short exact sequence. Consider a Heegaard diagram for the 
pair {X,K). Suppose that the curve fi = f3g in the Heegaard diagram 

H = {T.,a = {ai,...,ag},P = {/3i, /3g},p) 

corresponds to the meridian of K and that the marked point p is placed 
on Pg. One may assume that the curve /3g cuts Og once and that Og is 
the only element of a that has an intersection point with If we put 
a pair of marked points on the two sides of the meridian fj,, we obtain a 
doubly pointed Heegaard diagram for K. Counting disks which miss these 
two marked points (punctures) gives the Heegaard Floer homology group 
B = Moo{K) = BFk{X,K;Z/2Z). As before, if we allow the disks to pass 
through one of the marked points, we obtain an induced map ds : B — ?> B, 
with the property that d^od^ = 0. Moreover, the homology group -ff*(B, de) 

is the same as M{X) = HF(X;Z/2Z). The induced differential d^ : M ^ M 
respects the Spin*^ filtration of B, and we thus have sub-complexes B{> s} 
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and quotient complexes M{< s} of (BjcIb) for any relative Spin*^ structure 
s G Spin'^(X, K). The homology of these chain complexes will be denoted 

by M{> 5} and EI{< s} respectively. 

Suppose that A represents a preferred longitude for the knot K (i.e. it 
cuts l3g once and stays disjoint from other elements of /3). Let A„ be the 
curve obtained from A by winding it n time around the meridian fi without 
creating any new intersection points with the curves in (3q = {Pi, 
The Heegaard diagram 

Ha = (I;,Q;,/3„ = {/3i,...,Pg-i,Xn},Pn) 

would give a diagram associated with the rationally null-homologous knot 
{Xn{K), Kn), where Pn is a marked point at the intersection of A^ and Pg. 
The curve A„ intersects the a-curve ag in (|n| + 2) points which appear in 
the winding region (there may be other intersections outside the winding 
region). Denote these points of intersection by 

...,X-2,X-i,Xo,Xi,X2, 

where xq is the intersection point with the property that three of its four 
neighboring quadrants belong to the regions that contain p„ as a corner. 
Any generator which is supported in the winding region is (by definition) of 
the form 

{xi}Uyo = {yi,...,yg-i,Xi}, 
and is in correspondence with the generator 

y = {x}Uyo = {yi,...,yg-i,x} 

for the complex associated with the knot {X, K), where x denotes the unique 
intersection point of ag and Pg. Denote the former generator by (y);, keep- 
ing track of the intersection point Xi among those in the winding region. 

Choose an intersection point between the curves A„ and \m+n in the 
middle of the winding region, denoted by q, where m is a negative integer 
with large absolute value. Prom the 4 quadrants around the intersection 
point q, two of them are parts of small triangles Aq and Ai between cx,l3^ 
and j3m+n- We may assume that the intersection points between ag and 
\m+n in the winding region are 

■■■,y-2,y-i,yo,yi,y2, ■■■■ 

We may also assume that the domain Aj for i = 0, 1 is the triangle with 
vertices q,Xi and j/j, and Ai is one of the connected domains in the comple- 
ment of curves E — a — /3„ — /3„j_,_„. 

Other that Aq and Ai there are two other domains which have g as a cor- 
ner. One of them is on the right-hand-side of both A^ and Xm+n, denoted 
by Di, and the other one is on the left-hand-side of both of them, denoted 
by D2- The domains Di and D2 are assumed to be connected regions in the 
complement of the curves S \ C We may assume that the meridian passes 
through the regions -Di, -D2 and Aq, cutting each one of them into two parts: 
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Ao = U A^, Di = D^ U D[ and D2 = U D^. Here A^ C Aq is the 
part on the right-hand-side of /i and Aq is the part on the left-hand-side. 
Similarly for the other regions •, is the part of • on the right-hand-side 
of /i and is the part of • on the left-hand-side of //. Choose the marked 
points u, V, w and z so that u is in D^, v is in D2, w is in D2 and z is in 
(see figure [2]). Furthermore, choose the marked points p € Ai and p' G Ag 
for later use. We thus obtain a Heegaard diagram with 6 marked points 

Rm,n = {^,a,P,(3.^,(3^^n;u,v,w,z,p,p). 

Fix a relative Spin'^ class s G Spin^(X„(i^'), = Spin^(X, K) which sat- 
isfies [s] = [J(s) +PD[A]] in Spin^(X) (or equivalently, [ci(s) - PD[A]] = 
in H^(X;Z)). The first complex we would like to consider, is the complex 

CF(S, a, P;u,v), obtained by forming the hat Heegaard Floer complex asso- 
ciated with the doubly punctured Heegaard diagram Roo = (S, a, /3; u, w). 
This complex may clearly be identified as CF(X, Z/2Z) since both punc- 
tures u and V are in the same connected component of S — a — /3. If we 
restrict our attention to the generators associated with the Spin'^ structure 
[s] G Spin'^(X), we obtain a sub-complex 

CF(X;[s]) =CF{^,a,p;u,v;[5]) C CF{^,a, (3;u,v). 

The second complex which may be associated with the Heegaard diagram 
Rn = {T,, a, P^;u,v) is obtained by looking at the sub-complex 

Finally, the last complex would be the sub-complex 

CFK{X^+niK),K^+n,s) © CFKiXrn+niK),Km+n,5 + m.PD[/i]) 




Figure 2. The Heegaard diagram Rm,n- The shaded tri- 
angles are Aq and Ai. The marked points u,v,w and z are 
placed in D^, Z?^, D2 and respectively. 
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of the chain complex CFK{Xm+n{K), K^+n) = CF{Rm+n), where Rm+n 
(S, Oi, y9TO_|_„; u, v). We will describe a triangle of chain maps 

CF(X; [5]) CFK(i^„;s) 

(10) 



CFK{K^+r,;s) e CFK(ir^+„;s + mPD[/x]) 

such that the compositions (f o f^, o (f and o are chain homotopic 

to zero and the associated long sequence in homology is an exact triangle. 
To define the chain map f^^ consider the holomorphic triangle map 

^/ : CF(X„+„,K^+„;s) ® CF(S,/3„+„,/3;u,?;;5o) 

CF(S, Q, (3; u, v; [s]) = CF{X; [5]). 

We define the map <1>^ on a generator x (81 y , with y a generator of the chain 

complex CF(S, /3j„_,_„, /3; n, d) = CF(#f~^S'^ x S"^) with associated Spin'^ 
class s(y) = So satisfying ci(so) = 0, as follows: 

(12) $}(x®y):= 5^ Yl #(Ma)).z. 

zGTc<nT^ AG7r2(x,y,z),At(A)=0 
[s(z)]=s n„{A)=n„{A)=0 

The top generator 9/ G CF(S, /3^+„,/3; u, i;;5o) = HF(#s-iS'i x S'^;So) 
gives the map /J which is defined by 

/i^ : CFK{Km+n;s) e CFK(K„+„;s + mPDM) CF(X; [s]) 

/f(xey) = <l>}(x^G/). 

Similarly we may define a map 

: CF{Xm+n, K^+n;5 + mFBlfi]) ® CF{^, (3,^+^, /3;w, z;So) 

CF{^,a,l3;w,z;[5]) = CF{X;[5]) 
(14) ^ ^ _ 

*}(x0y):= Yl E #(-M(A)).z. 

zeTaflT^ Ae7r2(x,y,z),/x(A)=0 
[s(z)]=[s] n,„(A)=n^(A)=0 

The top generator 9^ G CF(i;, /3„+„, /3; it;, z;So) = BF{#9-is^ x S'2;so) 
gives the map /f which is defined by 

/I : CFK(iC^+„;s) © CFK(iC^+„;s + mPD[/x]) ^ CF(X; [s]) 

(15) 

/l(x©y) = s(*-^(s'(y)®e'^)). 

Here the duality map 

E' : CFk{Km+n;s + mFF>[n]) ^CFk{K^+n; J{s + mPD[/x]) + PD[A^+„]) 

= CFk{Km+n;J{s)+PF)[Xn]) 
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is obtained by changing the role of the punctures w and z, and the duahty 
map E : CF{X; [J{5) + PD[A„]] = [s]) CF{X; [s]) is the chain equivalence 
map obtained by interchanging the roles of the marked points v and w. 

The punctured Heegaard diagram {T,, a, jS^, fi^_^_^;u,v,p,p') gives a pair 
of holomorphic triangle maps, which are defined as follows. Let Sq denote 
the canonical Spin'^ structure of L{m,n)#[i^^~^S^ x S"^), in the sense of 
definition 3.2 of [0S5], and define a pair of maps 

:CFK(X„,i^„;s)0CF(L(m,n)#(#f-i5i x S^);5o) 

> CFK{Xm+n, Km+n',5), & 

(16) 

^ :CFK(X„,ir„;s) 0CF(L(m,n)# (#3-151 x S^);5o) 

CFK{Xm+n,Kn,+n■,5 + mPD[^^]). 

These two maps are defined by the following equations 



(17) 



$«,(x®y):= Yl E #(-M(A)).z, & 

zeT^nT^^^,^ Ae7r2(x,y,z), m{A)=0 
n„{A)=nz(A)=np(A)=0 

*^,(x®y):= Yl E #(MA)).z. 

zeT^nT;3^^,^ Ae7r2{x,y,z), /.(A)=0 
n„ { A)=n^ ( A)=np, ( A)=0 



The conditions Up = for and Upi = for guarantee that $^(x(g)y) is 

mCFk{Km+n;5), and ^'^(xOy) is in CFK(ii:m+„;s + mPD[//]) ifs(x) = s. 

The top generator 9^ € RF{L{m,n)#{#^~^ S-^ x S'^);So) determined by 
the particular intersection point q of A„ and Xm+n and the top intersection 
points of other pairs of /? curves, gives a map 

■.CFk{X^{K),K^;5) 

(18) CFk{Xrn+n,Krn+n;5)eCFk{X^+n,K^+n-,5 + rnPD[fl\), 

5^(x) := (c^.^,(x^e^),*^,(x0G^ 



Finally, the triple Heegaard diagram {Tj,cx^ (3, f3^;u,v,w^ z) determines a 
holomorphic triangle map 

(19) : CF(X;[s]) ®CF(#f-i5i x S^-5q) CF(X„(K), i^„;s), 
defined by counting the following types of holomorphic triangles: 

(20) <i>i(x0y):= ^ ^ #(MA)).z. 

zGT<,nT^„ Ag7r2(x,y,z),At(A)=0 
n„(A)=n„(A)=0 
n„(A)PDM+s(x)=s 



KNOTS WITH SIMPLE KNOT FLOER HOMOLOGY ARE TRIVIAL 



13 



If @h is the top generator of HF(#^ ^S^ x S'^;so), we may define the chain 
map 

h' : CF(X; [s]) CFK(X„(K), i^„;s) 

Straight forward arguments in Heegaard Floer homology (c.f. section 7 of 
[QSlj ) may be used to show the following proposition: 

Proposition 3.1. The maps ^'j, ^g, ^'^ and as defined above are all 
chain maps. Thus f^,g^ and are chain maps as well. 

3.2. Exactness of the long sequence. The maps defined in the previous 
subsection give an exact triangle in homology: 

Theorem 3.2. Suppose that K C X is a framed knot in a rational homology 
sphere X with preferred framing A C d{nd{K)) fixed. The maps in homology 
induced by the chain maps of the triangle in equation [73 form an exact 
triangle for each relative Spin'^ class 5 G Spm'^{X, K) with the property that 
[ci(s) - PD[A]] =0 in R'^{X;Z), which looks like 

BF{X; [s]) ^ ^ HFK(i^„;s) 




HFK(i^„+„;s) e HFK(i^„+„;5 + mPD^) 



if the negative integer m is a large in absolute value. Moreover, the compo- 
sitions f^ o and h^ o f^ are chain homotopic to zero, and thus the complex 
CFK(i^„,s) is quasi-isomorphic to the mapping cone of f^. 

Proof. We first show that the compositions f^ o g^, g^ o and o 
are chain homotopic to zero. The most complicated vanishing is the first 
one which we will do in more details. The other two claims are almost 
straight forward following the existing techniques in the literature. For the 
first composition, define the homotopy map Hf^ by 

Hi : CFK{Xn{K),Kn;5) CF{X; [s]) 

[s(y)]=W M(n)=-i 

If y is a generator for CF(Al ; [s]) and x is a generator for CFK{Xn{K), Kn'jS), 
and if □ G 7r2(x, 6g, y) is a square with /i(n) = such that n„(n) = 
n^{n\) = np(n) = 0, we may consider the moduli space A^(n), which is a 
smooth 1-dimensional manifold with boundary. The boundary points of this 
moduli correspond to different types of degenerations of □. Four of these 
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degenerations, are degenerations of □ to a bigon and a square. Since 0/ and 
0g are closed elements in CF(S, /3; u, w) and CF(S, /3„, /3^_,_„; u, v), 
counting such degenerations gives the coefficient of y in d{Hf^{x))+Hf^{d{x)). 
Then we have a degeneration of □ as A * A' with A € 7r2(x, z,y) and 
A' G 712(2, Ql,Qf) for some z G T^^ n satisfying 

//(A) = fi(A') = 0, & 

n„(A) = n^(A) = np(A) = np(A') = n„(A') = n^A') = 0. 

Such degenerations correspond to the coefficient of y in the expression 

-i^(x (8> (8> ©z)), where the holomorphic triangle maps ^'^ ^ and 

are defined by 

^l^:CFK{Xn{K),Krr;5)^CF{^,f3^,f3-u,v-,5o)^CF{X-,[5]) 
n,i{^(^y)= E E #(A^(A)).z, & 

zeTanT;3 AG7r2(x,y,z),/i(A)=0 
[s(z)] = [s] n„(A)=n„(A)=0 

$1 : CF(S,/3„,/3^+„;n,z;) CF(S, /3„+„, /3; n, ^ CF(S, /3„, /3; -u, t;,p) 
<I>i(x®y)= E E #(>I(A)).z. 

zGT^„nT^ AG7r2(x,y,z),/i(A)=0 
nu(A)=n„(A)=0 

Let us denote the top generator in the canonical Spin'^ class of the homology 
group EF{T., (3^, (3; u,v; So) = HF(#f-iS'i x S^;5o) by 6,,. The Heegaard 
triple (S, P^, P; u, v,p) is a very standard Heegaard diagram and thus 

the following lemma may be proved without too much difficulty (compare 
with the proof of theorem 3.1 from jUS5j ): 

Lemma 3.3. With the above notations fixed, we have ^i{Qg ® 0/) = Qh- 

Such degenerations thus correspond to the coefficient of y in ^'^ ^(x(g)0/i). 
Finally, we have the degeneration of □ as A * A' with A G vr2(x, Qg,z) and 
A' G 7r2(z, 9/,y) for some z G n T;3^_^^ satisfying 

^(A) = fi(A') = 0, & 

nu{A) = n^(A) = np(A) = np(A') = n„(A') = n^A') = 0. 

Automatically, the relative Spin'^ class associated with z is s. Such degen- 
erations thus correspond to the coefficient of y in /f (gl (x) ) . 
Gathering all this data we conclude that the following relation is satisfied 
modulo 2. 

(23) {Hlod + do Hl){^) + ® &h) = in ° 5?)(x). 
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Similarly, we may define the homotopy map Kf^ by 

Ki : CFK{Xn{K),Kn;s) ^ CF{J:,<x,f3;w,z;[5]) = CF{X;[s]) 
(24) ^^W= E E #{M{a)).y. 

[«(y)]=M M(n)=-i 

nu,{D)=n^ (□)= V (°)=° 

If y is a generator for CF{X; [s]) and x is a generator for CFK(X„(i^), K„; s), 
and if □ € it2{x, Qg , Q f , y) is a square with /u(n) = such that n.u,(Q) = 
n^(n) = np'(n) = 0, the moduli space Al(n) is again a smooth 1-dimcnsional 
manifold with boundary. Since 0/ and 0| are closed elements, the number 
of points in the boundary of this moduli space is equal to the coefficient 
of y in d{Kf^(-x)) + Kf^(d{x.)), plus the number of boundary points corre- 
sponding to the degenerations of □ into two holomorphic triangles. The 
first type of these later degenerations is a degeneration of □ as A ★ A' with 
A G 7r2(x, z,y) and A' G 7r2(z, Qg,Qf) for some z G T^^ n satisfying 

m(A) = m(A') = 0, & 

n^{A) = n^(A) = np/(A) = np/(A') = ri^(A') = ^^^(A') = 0. 

Such degenerations correspond to the coefficient of y in 2 ® ^2 (©g <X) 
6/)), where the maps 2 ^^'^ ^2 are defined by 

■■ CFK{Xn{K),Kn;s) (8) CF(S,/3„,/3;^/;,z;so) CF(X; [s]) 
*l,2(x®y)= E E #(A^(A)).z, & 

zGTc«nT^ Ae7r2(x,y,z),^(A)=0 
[s(z)] = [s] n„(A)=n4A)=0 

$2 : CF(S, /3„+„; w, z,p') ® CF(S, /3„+„, /3; tt;, 

-^CF(E,/3„,/3;w;,z,y) 
$2(x®y)= E #(A^(A)).z. 

zeT^„nT^ Ae7r2(x,y,z),M(A)=0 

Tin, (A)=n^ ( A)=np/ ( A)=0 

The other type of such degenerations is a degeneration of □ as A ★ A' with 
A G 7r2(x, Qg, z) and A' G 7r2(z, 0/, y) for some z G fl T^^^^ satisfying 

m(A)=/x(A') = 0, & 

n^(A) = n;,(A) = np>{A) = np/(A') = n^(A') = n^{A') = 0. 

Automatically, the relative Spin'^ class associated with z is 5 + mPD[^]. 
Interchanging the role of the marked points z and w changes the relative 
Spin'^ class associated with z to J(s) + PD[A„]. Such degenerations thus 
correspond to the coefficient of y in H~^(/2(52(x))). 

Gathering all this data we conclude that the following relation is satisfied 



16 



EAMAN EFTEKHARY 



modulo 2. 

(25) {{EoKl)od + do{Eo KD) (x) + H o ^ 6,) = (/| o g^,){^). 

Combining equations 1231 and 1251 we obtain the following equation modulo 2: 

{EoKi + Hl)od + do{EoKi + Hl)+fof 

(26 

Note that H o 2( - <S5 ©h) and ^'^ -^(. (8> 0/j) are chain homotopic maps from 

CFK{Xn{K) , Kn] s) to CF{X; [s]), which induce the same map in homology. 
In fact, we have to show that under the chain equivalence map 

H:CF(X;[s]) = CF(S,a,/3;ii;,z;[s]) 

^ CF{X;[5]) = CF{J:,a, (3;u,v;[5]), 

the chain maps ]^(. ^ Qh) and ^'^ ©/i) induce chain equivalent maps 

from CFK{Xn{K), K^jS) to CF(X; [s]). In order to see this, we should note 
that instead of moving u and v to the other side of we may handle-slide 
/i over /3g_i one by one, and obtain a sequence of Heegaard triple 

Hi = (S, Q, /3*; u, u), where (3^ = {(3 — {/u}) U {/i*} and is obtained 
from fi^^^ by a pair of handle-slides over /3j_i (with opposite orientations) 
as suggested by figure [3] (we set fi^ = fi). Let ^|(. ©/i) be the chain map 
constructed using the Heegaard diagram Hi. It is then clear that under the 
natural identification of CF(S, a, /3*; u, v) with CF(X) by chain equivalence 
maps, the maps (.(8)0/i) are chain equivalent, since the triples are obtained 
from each-other by handle-slides which are supported away from the marked 
points. Our claim is thus proved once we note that Hg may be identified, 
after an isotopy of curves supported away from the marked points, with 
(Ti,a., (3;w, z) (with w and z in the same connected domain). 
Thus the right-hand-side of equation [26] may be written as H^ o d + do H^ 
for a homotopy map 

H' ■ GFk{Xn{K),Kn;5) CF(X; [s]). 

We have thus proved that o is chain homotopic to zero, where the 
homotopy is given by the map := Eo Kf^ + Hf^ + H^ . Note that the above 
argument uses the fact that in the process of going from one Heegaard 
diagram to another the Heegaard triples remain admissible. This part is 
thus limited to rational homology spheres. 

Similarly, showing that ff o and o are chain homotopic to the trivial 
map for i = 1, 2 is reduced to showing that the following expressions are zero 
for any fixed z in T/j n Tp^^^,Tp n Tp^^^.Tp^^^ n T^„, and Tp^^^ n Tp^ 
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Figure 3. Moving the marked points to the other side of the 
meridian /x = in the Heegaard triple Hi = (I1,q;,/3„,/3 = 
P^;u,v) may be replaced by a series of handle slides of 
fj, e f3 = {f3i,...,(3g-i,(3g = fj,} over /3g_i, to ob- 

tain the Heegaard triples Hi = (Ti,a, (3^, j3^]u,v), where 
/3* = /i*}. The curve /i* is obtained by handle- 

sliding over /3j__i twice, as indicated in the picture. 



respectively: 



(28) 



^ #(-M(A)), & Yl 



A67r2(eh,e=,z) AgTraCe^.e^.z) 

/i(A)=0 m(A)=0 
n„{A)=n^{A)=0 n„{A)=n^(A)=0 

^ #(-M(A)), & ^ #(-M(A)). 

AG7r2(e/,eh,z) AG7r2(e/,eh,z) 

/i(A)=0 /i(A)=0 
n„{A)=n^{A)=0 n^(A)=n^{A)=0 

Since the triangles contributing to the above sums come in canceling pairs, 
and in fact the corresponding Heegaard triples are pretty standard, the 
above claims follow (c.f. theorem 3.1 from |0S5] ). Thus we conclude that 



18 



EAMAN EFTEKHARY 



o is chain homotopic to zero via a chain homotopy may T^, and o 
is chain homotopic to zero via a chain homotopy map T^. 
The rest of the argument is almost standard. To show the exactness of the 
sequence in homology, we may change the curve Xm+n by an isotopy, without 
changing the homology groups and the maps between them. Let us change 
Xm+n so that it gets very close to the juxtaposition of the curves A„ * m.fi. 
Choose the curve Xm+n so that it cuts A„ near the unique intersection of 
Xn with /i, winds m times around and then cuts it in a single point, then 
travels parallel to A„ and very close to it. Any intersection point on Xm+n 
with the curves in a is thus in correspondence either with an intersection 
point of A„ with the curves in a, or an intersection point of /i with a. In 
fact, associated with any intersection point of with a, there are m points 
of intersection on Xm+n- For the fixed Spin'^ structure s € Spiif{X,K), pre- 
cisely one of these intersection points generates a generator in Spin'^ class 
5 + mPD[/i] E Spm'^{X, K), if m is large enough in absolute value. There 
is a small area triangle connecting this generator to the corresponding gen- 
erator of CF(S, Q, /3; M, t>; [s]) = CF{X; [s]). Similarly, associated with any 
generator of CF($], ct, /3„; u, v) there is a generator of CF(S, a, (3^_^_^;u, v). 
If the first generator is in relative Spin'^ class s, so is the second one. The 
small triangles mentioned earlier give two nearest point maps, which are 
approximations of /I and respectively. In particular, for this choice of 
the Heegaard diagram, the map is surjective and the map g^ is injective. 
Combined with the vanishing of the compositions o = 0, f^ogl = 0, 
and gl o hi = 0, this surjectivity and injectivity imply the exactness of the 
triangle in equation [2T] (c.f. section 3 of |0S5] ). 

We may now define the quasi- isomorphism between CFK(i('„;5) and the 
mapping cone of as follows: 

^ fCFk{Km+n;B)®CFK{Km+n;5 + mFD[i,])\ 
: CFK(i^„:5) -+ \ 

(29) V eCF(X;[s]) J 

r(x) := (gf(x),g^(x),n(x)). 

The inverse of this quasi isomorphism is given by the map 

(CFk{Km+n;s)eCFK{Km+n;s + mPD[^,])\ ^ 
, , J ■■ \ ^ ] ^ CFK(K„,s) 

(30) V ©CF(X;[s]) J 

J^(x,y,z)=T^3(x,y)+/i^(z). 



It is straight forward to check that these maps are quasi-isomorphisms, and 
the proof is thus complete. □ 
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4. Surgery formulas and the maps (p{K) and (t>{K) 

4.1. Surgery formulas. The exact sequence of the previous section may 
be used to prove the following theorem which gives an explicit formula for 
the groups EI„(K,5), if [s] = [J(s) + PD[A]] is satisfied. 

Theorem 4.1. Suppose that K G X is a framed knot inside a rational 
homology sphere X with the framing X C d{nd{K)) fixed, and the complex 

(B = M{K),dM), with 

M{K) = BFK{X,K)= HFK(X,K;[s])= B{[s]} 

[s]eSpm=(X) [0]GSpin'=(X) 

and the filtration o/B{[s]} by sub-complexes B{> s} for relative Spin'^ classes 
5 G Spiif{X,K) representing [s] G Spin^(X) given as before. Furthermore, 
let : B{> s} — 7> B{[s]} be the inclusion map, and denote the homology of 
(B{[s]},(iB) by M{[5]} and the homology o/B{> s} byM.{> s}. If the relative 
Spin'^ class s G Spin^ (X, K) satisfies [s] = [J(s) + PD[A]] in Spin^(X), 

the knot Floer homology group HFK{Xn{K) , Kn, s) may be computed as the 
homology of the complex 

Cnis) = H{> s} e M{> J(s) + PD[A„+2]} e M{[s]}, 

which is equipped with a differential dn ■ Cn(s) Cn{5) defined by 

C?n(xey©z) = (0,0,(Zs)*(x) + (zj(5)+pD[A„+2])*(y))- 

Proof. In order to complete the above computation, consider the Heegaard 
diag ram Hn^fji — (S, ex, Pn+m'^Pn+m) find let u and v be two marked points 
on the two sides of Pn+m (separated from each-other by the curve \n+m)- 
We may assume that Pn+m is almost in the middle of the winding region, 
so that there are at most 2|n + m|/3 of the intersection points on each 
side oi Pn+m- Furthermore, supposes G Spin'^(X, ii') is such [ci(s)] is equal 
to [PD[A]] in H2(X,Z). Thus, s - J(s) - PD[A] is a multiple of PD[^]. Let 
|s| denote the absolute value of the coefficient of PD[/Lt] in s — J(s) — PD[A]. 
We may then assume that \s\ is small in comparison with |n + m| (say less 
than \n + m|/3). It is then clear that the only generators of CF(i?„+m) 
in the Spin'^ class s G Sj)\Tf{Xn+m{K),Kn+m) are generators of the form 
(x)i with X G n such that s(x) + iPD[//] = s if i < and s(x) + 
iPD[|Lt] + PD[A„i+„] = s if i > 0. Note that \i + {n + m)\ is greater than 
|n + m|/3 and thus from s(x) + (i + n + m)PD[;u] + PD[A] = s we may 
conclude | J(s(x))| > |n + m|/3. If the absolute value of m is large enough, 
this can not happen, and we will just have generators of the form (x)j, i < 
in Spin'^ class s with 5(x) + iPD[/x] = s. This observation may be used to 
identify G¥{Xn+m{K)-,Kn+rm5) with the sub-complex of CF(X) generated 
by the generators x G T„ n satisfying s(x) > s. The homology group 

H¥K{Xn+rn{K),Kn+m'i5) may thus be identified with ]HI{> 5}. Note that 
the map /f takes the generator (x) j G fl T^^^^ to x+lower energy terms. 
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Thus, after a change of basis for the filtered chain complex M{> s}, we may 
assume that under the above identification of HFK(X„_|_m (-f^), ^^^n+m.; s) with 
IHI{> s}, the map /f is induced by the inclusion map : B{> s} — )• IB{[s]} 
in the level of chain complexes. 

Now, let us look at the generators in the relative Spin"^ class s + mPD[/i] £ 
Spiif{Xn+m{K), Kn+m)- Again, the above assumptions imply that we may 
assume all relevant generators are of the form (x)j. If i < and s(x) + 
iPD[;u] = s + mPD[^], we would have 



|5| — 2\m 
ml — 5|n| 



|s(x)| = |(m-i)PD[/i] +s| > 

(31) 

> 

3 

Again, if the negative integer m is large in absolute value, this can not 
happen. The only relevant generators are thus the generators of the form 
(x)i for i > 0, satisfying 

s(x) + iPDM + PD[A^+„] = s + mPB[n]. 

This is equivalent tos(x) = s— (n+i)PD[/i]— PD[A] < s+PD[A„], and we may 
identify CF {Xn+m{K) , Kn+m] 5 + mPD[fj]) with the sub-complex of CF(X) 
(with dual structure) generated by the generators x G fi satisfying 

s(x) <s-PD[An]. The homology group HFK(X„+„(iv:),K„+^;s+mPD[/i]) 
may thus be identified with ]HI*{< s - PD[A„]}, where EI*{< s - PD[A„]} 
is the homology of the sub-complex B*{< s — PD[A„]} of the dual complex 
B*{[s]}. Under the duality map, this homology group may be identified with 

IH{> J(s - PD[A„]) + PD[/i]} = E[{ J(s) + PD[A„ + 2/i]} 

^^^^ =EI{J(s) + PD[A„+2]}. 

A similar argument shows that under the above identification of the Hee- 
gaard Floer homology group HFK{Xn+m{K), Kn+m',s -|-mPD[/x]) with the 
group EI{> J(s) -|- PD[A„-|_2]}5 the map /I is induced (in homology) by the 
inclusion map 

V(B)+PD[A„+2] ■■ n> ^(S) + PD[A„+2]} ^ B{[5]} 

in the level of chain complexes. Together with theorem 13.21 this completes 
the proof. □ 



4.2. Understanding the maps. Let K G X he a knot inside the ratio- 
nal homology sphere X, with a fixed framing A, i.e. A is a longitude on 
the boundary of nd{K). Let L = K-i C X-i{K) = 1" be the knot ob- 
tained from K by — 1-surgery. Denote by B the knot Floer homology group 
HFK(X, X; Z/2Z) and let d% denote the map induced by the differential of 
CF(X) on B. This map is thus a differential ^ B — )• B and the homology 
group HI = Hi,(E>^d^) is the Heegaard Floer homology group HF(X). The 
differential di respects the filtration by relative Spin'^ structures induced by 
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K, and for any given Spin'^ structure 5 G Spin'^(X, i^) we thus have the 
sub-complex M{> s} of (^,d^) generated by the generators with associated 
Spin'^ classes greater than or equal to s. Denote the homology of this sub- 
complex by IHI{> 5}. The result of the previous subsection may be used 
to describe M.oo{L,5) = M._i{K,5) in terms of the filtered chain complex 
(B, di), provided that the relative Spin*^ class s satisfies [01(5) — PD[A]] = 
in H2(X,Z). 

For a knot K as above, from subsection 12.31 we have the pair of maps 

MLf : ]Hooa,s) = ]H_i(K,5) Hi(L,s) = U^iK^s) = B{s}, & 
(331 — 

: IHoo(L,s) =BI_i(i^,s) — ^BIi(L,s + PD[A]) =B{s + PD[A]}. 

In this sub-section we prove the following theorem, which describes the above 
two maps explicitly: 

Theorem 4.2. Let K <Z X he a knot inside the rational homology sphere X 
and let X be a preferred framing for K . Let L = K-i C X-i{K) =Y be the 
knot obtained from K by —1-surgery, and lets G Spin'^(X, i^) = Spin'^(y, L) 
be a relative Spin'^ class satisfying [ci(s) — PD[A]] = in H^(X, Z). With the 
above notation fixed, identify IHoo(^,s) with the homology of the complex 

C-i{5) = M{> 5} e EI{> J(s) + PD[^ + A]} e M{[s]} 

which has a differential of the form d_i(x, y, z) = (0, 0, [x] + [y]). Then 
the map (p{KY : Mi(K,5) Moo{K,5) may be identified with the map 
on homology induced by : C_i(s) — )• B{s} defined on an element c = 
(x, y,z) G C_i(s) as follows. First take c to x G M{> 5} by the quotient 

map C_i(s) ^ BI{> s}, and then project M{> 5} to IHI{s} = IHIoo(i^,s) by 
another projection map TTg. The composition would be the map = vr^ovrp 

Similarly, (piKY is induced by = Eo TTj(^g-)+PY)[Xi] o ^^^'^^^''^^^ obtained 
by a composition of quotient maps followed by the duality isomorphism as 
follows: 

J(5)+PD[fi+Al 

(34) ^ > M{> J(.) + PD[;. + A]} 

> MooiK, J(s) + PD[/i + A]) IHoo(i^,s + PD[A]). 



Proof. Consider the knot L = K-i inside the three-manifold Y = X_i {K), 
and suppose that Rm,-i = {'^,(^, P-i, Pm-iiUjVjW, z) is the Heegaard 
diagram considered in the previous sub-section for K. In order to compute 
the map 4> = (j){L) : ]H[_i(K) — > Iloo{K), we may use the Heegaard triple 
(S, a, (3_i, (3; u, v, w). If we do so, for a generator z G n of the chain 
complex CF{T,,a, P;u,w), the only generators x in n Tr^_i such that 
there is a holomorphic triangle between the generators x, Qh and z are the 
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generators of the form x = (y)o for some y G fl T/j. This imphes that 

(35) 



y + lower energy terms if x = (y)o 
Otherwise 



It thus suffices to identify the elements of C_i(5) which are in correspon- 
dence with the generators x G n ir^_j of the form (y)o for some y G 
Tfj n T^. No such generator can be in the image of the map , since three 
of the quadrants around the intersection point yg £ -^-i H Ug are punc- 
tured in the Heegaard diagram (S, a, /3, /3_i; u, v), used for defining h^. In 
fact, for orientation reasons, if we have a triangle A G 7r2(z, 0/^, (y)o) with 
n„(A) = nt,(A) = 0, the coefficient of the fourth quadrant around yo should 
be —1, and AA{/^) should be empty. Thus, we may replace the splitting 
homomorphism with a new splitting map (see |0S5J, sections 2 and 3) 

R : CFK(y = X_i(K),L = i^_i,s) ^ CF(X, [s]) 

which is trivial on generators of the form (y)o with y G n T^. The 
modified quasi-isomorphism from IIFK(L = K-1,5) to the mapping cone of 
thus takes (y)o to 

5'((y)o) e e G ih{> s} e n{> j(s) + PD[Ai + A]} e ih{[s]}. 

Again, by looking at the local coefficients of the domains in the wind- 
ing region of the diagram R^i^m, one finds out that g^{{y)o) = (y)o + 
lower energy terms, where the right-hand-side is a sum of generators in 
Tq, n T^^_^. Under the identification (for large values of \m\) 

CFK{Xm-i{K),Km-u5)c^M{>5}, 

the generator (y)o (with s(y) = s) corresponds to the class [y] of y in the 
sub-complex B{> s}. Thus, after a change of basis for B{> 5} C C_i(s) as 
a filtered chain complex, we may assume that the map (f){KY is induced by 
the chain map obtained by first projecting C_i(5) over B{> s}, and then 
taking this later complex to the quotient complex B{s} = CFK(K,5). This 
completes the proof for 0(L)^. The proof for 4>{LY is completely similar and 
requires a possible change of basis for B{> J(s) + PD[/i -1- A]} as a filtered 
chain complex. □ 



Remark 4.3. In the construction of this section and the exact sequence 
of the previous section, we have been limited to the relative Spin*^ classes 
5 G Spin'^(X, K) such that the relative cohomology class ci(s) — PD[A] reduces 
to the trivial class in H^(X, Z). Without this assumption, the exactness of 
the triangle in equationU^may not be achieved and the analogue of the above 
theorem, which plays a central role in the proof of our main theorem in the 
upcoming section, will no longer be true. These limitations force us to stay 
in the realm of integral homology spheres, for which any relation is satisfied 
in H^(X;Z).' However, if for a rational homology sphere X and a framed 
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knot K <Z X the equation [ci(s)] = [PD[A]] is satisfied in H^(X;Z) for any 
relative Spin"^ structure s G S^va^{X,K) which carries a non-trivial knot 
Floer group, the above theorem provides us with all we need for the proof of 
a similar theorem. 

5. Proof of the main result 

Theorem 5.1. Let X be a homology sphere and K C X be a non-trivial 
knot. Then K does not have simple knot Floer homology, i.e. 

rk(HFK(X,K;Z/2Z)) > rk(HF(X; Z/2Z)). 

Remark 5.2. In fact, the same is true if K C X is a knot inside a rational 
homology sphere X and if HFK(X, K;5) ^ for a relative Spin'^ class s G 
Spiif{X,K) we have [ci(s)] = PD[i^] in H^(X;Z). Non-trivial examples 
of this situation are null-homologous knots K C X such that H^(X;Z) = 
(Z/2Z)" for some n. 

Proof. The framing A may be set to be the zero framed longitude of 
K. Let B = BFk{X,K) and the induced differential di : B B from 
CF{X) be as before (so H^{M,dM) = HF(X)). If the ranks of HFK(X,K) 
and HF(X) are equal, will be trivial. We may then use theorem 14.11 for 
computing Heegaard Floer groups Mn{K,5). More precisely, the homology 
of the complex C„(s) = B{> 5}eB{> J(s) + (n + 2)PD[/i]} eB is generated 
by the elements of one of the following two forms: type one are the generators 
of the form (x, x, 0) G C„(s) where x € B{t} is a generator and such that 
the relative Spin^ structure t satisfies t > max {s, J(5) + (n + 2)PD[;u]}, 
and type two are generators of the form (0,0,x), where x G B{t} and t < 
min{s, J(5) + (n + 2)PDM}. 

In particular, for n = —1, we may use the above description to compute 
the maps 4'{Ly and (j){Ly explicitly for the knot L = K^i C X-i{K) = Y, 
from theorem 14.21 A generator (x, x, 0) of type one (as above) is in the 
kernel of (j){Ly, unless t = s > J(5) + PD[/i]. If this later assumption is 
satisfied, {)(s) > and we may identify a subspace of M.oo{L,5) which is 
isomorphic to Iloo{K,5) under (j){Ly . Similarly, a generator of the above 
form is in the kernel of (jjiLY unless t = J(s) + PD[;^] > 5, and in this case 
we may identify a subspace of E[oo(i,s) which is isomorphic to M.oo{K, J{^) + 
PD[/i]) ~ M.ao[K^5) under (piLy. Furthermore, generators of type two are 
all in the kernels of both (jy^L) and (j){L). 

The above observations imply that in an appropriate basis for Iloo{L) and 
IHIi(L) ~ Mao{K) the maps (/>(L) and (piL) will have the following block 
presentations 

//,. 000\ _ /0000\ 

(36) (l){K) = , & (j){K) = i E . 

\0000/ \0 Ir J 
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The matrices Ir and Ig are r x r and sx s identity matrices respectively, for 
some non-negative integers r and s. The first, second and third columns cor- 
responds to the part generated by (x, x, 0) € C_i(s(x)) such that f)(5(x)) > 
0, {)(s(x)) = and f)(s(x)) < respectively. The matrix H describes the du- 
ality map H : M.^{K,5) — > M.oq{K, J(s) -|- PD[/i]). Thus H is an invertible 
s X s matrix. 

This implies that the matrices ip{K) and i^iK) will have the following block 
presentations, by exactness of the short sequences of equation [9) 

(37) i){K) = ) , & ^{K) = ( T ) , 
which gives the following presentations of the maps rj{K) and r]{K): 

(38) 7]{K) = ( ^' ) , & f]{K) = ( T ) . 

We will now use these block presentations, together with theorem 12.31 for 
computing the rank of }iF{Xp/q{K)). Note that Xp/q{K) = Xp^^^Li) = 
Yp/p^g{L). If q > 0, we will have p < p + q and the second formula from 
theorem l2.3l can be used for the computation. The differential of the complex 

p+q Q p 

m= (0iHoo(i)) e (0iHii(i)) ® (0]Hio( 



i=l i=l i=l 



will have the following form 



where the matrices Tp^q and ^p^q have the following block presentations 
respectively: 




/ 1] ... T] ... o\ 
77 ... r] ... 

\ . . . T] ... TJ J 



\ 




\ ...(/> ...(/> / 



The distance between the maps rj and 77 at each row is q and the distance 
between the maps (f) and (f) at each row is p. The number of rows in Tp^q is p 
and the number of rows in ^p^q is q. Replacing the matrices in equations [36l 
and [381 we conclude that the rank of is equal to 

rk(c^3) = 2qr + qs + p.vk ( ^' T ) = q{2r + s) + px, 

for some non-negative integer x. If we denote the rank of M,{K) by h,{K), 
this implies that the rank of -?/*(©, d^) is equal to 

Vp/qiK) : = rk(HF(Xp/,(K);Z/2Z)) 
(39) = {{p + q)h^(L)+qhi{L)+phoiL)) -2{q{2r + s)+px) 

= q{h^{L) + h^{K) - 4r - 2s) + p{hoo{L) + ho{L) - 2x). 
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Note that 2r + s is the rank of M^o (K) , which helps us conclude 

yp/q{K) = p{hoo{L) + ho{L) - 2x) + q{hoo{L) - h^{K)). 

On the other hand, yn/i{K) is asymptotic to n.yoo{K) = nhao{K) as n 
grows large. We thus conclude that h^{K) = hoo{L) + hQ{L) — 2x, and 
Up/qiK) = phoo{K) + q{h-i{K) - hoo{K)). In particular, yi{K) = h-i{K). 
If s G Spiif{X,K) is a relative Spin'^ structure so that (ci(s) — PD[/i])/2 
is j = times the generator of H^(X, K), denote the rank of Il^{K,5) 
by ij. Thus, VooiK) = h^{K) = 4 + 2(^i + ... + tg), where g = g{K) 
is the genus of K. Note that by Ni's results (theorem 12. ip ig > 0. From 
theorem 14.11 we may compute h-i{K) in terms of £j as follows. 
Since the differential of the complex B is trivial, the homology of the 
complex C_i(s) may be identified with 

m{> max{s, J(s) + PD[^]}} IH{< min{s, J(s) + PD[//]}}. 

If we note that j = j(s) = j{J{s) + PD[/i]) > 0, this means that the rank of 
M_i{K,5) (as well as the rank of M_i{K, J{5) + PD[;u])) is equal to 

{(j + (j+i + ... + (g) + {(j+i + ej+2... + ig) = (j + 2{ij+l + ej+2 + ... + ig). 

Thus the total rank of EI_i(i^) is equal to 

9 

h-i{K) = rk(M_i(i^,So)) + 2^rk(EI_i(K,5o + ^PD^)) 

i=l 

g 

(40) = {io + 2{h + ... + £g)) + 2( J2{ij + 2(^,+i + ... + ig))) 

i=i 

= £o + 4(^j£,). 

Here Sq denotes the unique relative Spin'^ structure satisfying j{so) = 0. 
On the other hand, y±i{K) may directly be computed using the result of 
Ozsvath and Szabo [0S5], given that the differential of the complexes IB 
and As may be assumed to be trivial. More precisely, the differential d of 
the Z e Z filtered chain complex CFK°°{X, K;Z/2Z) may be written as 
d = Yli j>o'^ij^ where dij changes the Z © Z grading of a generator by the 
vector {i,j) (z1i(BZ. Since the coefficient ring is Z/2Z, we may assume that 
the complex CFK°°{X, K; Z/2Z) is quasi-isomorphic to a Z©Z filtered chain 
complex {C°°,d°°) with d°° = J^ijyo^Tj '^o?o = ^^^^ assumption on 
the knot K implies that d'^j and df^ are both trivial for i,j > 0. If the 
complex C°° is used for constructing the complexes Ag , they will have trivial 
differential as well. 

The complex As may then be identified, as a vector space, with B. Under 
this identification, the map : Ag M may be identified as the zero 
extension of the identity map from M{> s} C to IHI{> s} C B and the 
map /is : As — 7- B may be identified as the zero extension of the duality map 
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from M{< s} C to M.{> —s} C B. Here, abusing the notation, we are 
denoting H{> s} by H{> f)(s)}. The kernel oi di : A ^ B is thus generated 
by the elements of the form © Zg where € A[j(g) = B is a generator 
X in B{t}, for a relative Spin'^ structure t satisfying t < min{s, J(s)}, and 
Z3 G A[,(g)_,_]^ = B is its dual S(yg) G B{ J(s) + PD[//]}. Thus the generators 
of the kernel of di are in one to one correspondence with the pairs (s, x) such 
that X is a generator in B{t} and f](t) < min{s, — (s + 1)}, and s runs from 
1 — 51 to 51 — 2. Associated with these values of s, the value of min{s, — (s + 1)} 
becomes equal to either of the values —1, —2, ...,1 — g twice. Associated with 
the value —i for min{s, —(s + 1)}, the rank of the identified part of the kernel 
of di is equal to + £^+2 + +ig- Thus the size of kernel of c?i is equal 
to 

9 9 

(41) |Ker(di) C A| = 2^(£,+i + 4+2 + .... + ig) = 2(^(j - 1)£,). 

1=1 1=1 

The kernel and cokernel of di : A — B may be identified with the kernel of 
the induced map 

_ 9 _ 

(42) L>i : A= A,^B= 0(s,B). 

s=-g s=-g 

Since the size of the kernel of Di is equal to the size of the kernel of c?i , the 
rank of Di is equal to 

9 9 

(43) rk{D,) = |A| - 2(^((i - 1)£,) = {2g + 1)|B| - 2(£(i - 1)£,). 

i=l i=l 

Thus, the homology of the mapping cone of Di, which is isomorphic to the 
homology of the mapping cone of di will be a vector space of size 

yi{K) = rk{H4A®M,di)) = (4^ + 3)|B| - 2rk(Di) 

9 9 



(44) 

= 4 + 2(5^(2i-l)4). 



i=i i=i 
9 



It is worth mentioning that with a similar argument we may also compute 
y-i{K) to be equal to the above expression. Prom the equality yi = h-i{K) 
we thus conclude Yl^j=i ^3 — 0- ^^^^ happen unless g = g{K) = 

0. This completes the proof of our main theorem. □ 
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6. Some examples 

6.1. Knots inside arbitrary rational homology spheres. We have al- 
ready seen that the argument given in the previous sections is quite limited 
to homology spheres, and may not be extended to the arbitrary rational 
homology spheres without major modification. In this subsection, we will 
give examples of knots inside -L-spaces which are not trivial, but have sim- 
ple knot Floer homology. In fact such examples are quite well known to the 
people studying Berge conjecture. 

Let = T(2, 2n -|- 1) denote the (2, 2n -|- 1) torus knot in the standard 
sphere and let C S'^(r"') be the knot obtained by m-surgery on T", 
inside the rational homology sphere S^{T^). We may then compute the 
Heegaard Floer homology groups HFK(T^,s) for different values of s G 
Spin^ (5^i^(T"),r^) = Spin^(53,T") using theorem SH This group may be 
identified with the homology of the mapping cone 

C™(s) = M{> s} © IH{> J(s) + {m + 2)PD[/i]} © M, 
with differential dm- If we identify Spin'^(5''^, T") with Z using the map 
f) : Spin^(53,T") ^ Z = H2(53,T";Z) given by s ^ ci(g)-PDM ^ 
s = f)(s) we denote the complex Cm(s) by Cm{s) and the complex EI{> s} 
by ]HI{> s}, the complex Cm{s) may be described as 

Cm[s) = n{> s} © ]H{> m - s} © M. 

For the torus knot T", the complex B may easily be described as the com- 
plex generated by with s € {— n, 1 — n, ...,n} so that j{^s) = s and 
dM{x2i-n-i) = X2i-n for i = l,...,n. This implies that H is isomorphic to 

F = (x_„), and that 
(45) 

0, if s > n 

F = (x_„), if — n < s < n, &i s — n = (mod 2) 

H[{> s] = I ^ ' - - > V J 

^~ I F©F = (x_„,x^), if -n < s < n, & s-n = 1 (mod 2) 

^F = (x_„), if s < -n 

where F is the coefficient ring, which is assumed to be Z/2Z in this paper. 
Let i{s) be if s > n, 2 if \s\ < n and s — n is odd, and 1 otherwise. The 
above observation implies that the homology group Mm{T"', s) of Cm(s) may 
be computed as in particular, if m > 2n, £{s) = 2 im- 

plies that \s\ < n, and thus m + 1 — s > n. Thus, if i{s) = 2, the value of 
\i{s) + £(m + 1 — s) — 1| is equal to 1. On the other hand, if i{m + 1 — s) = 2, 
we will have |m + 1 — s| < n and thus s > n. Again this implies that 
\i{s) + £(m + 1 — s) — 1| is equal to 1. If both £{s) and £{m + 1 — s) are in 
{0, 1}, the same would be true for \i{s) +£{m + 1 — s) — 1[. Thus, under the 
assumption m > 2n, the groups Mm(T^, s) are all either isomorphic to F or 
are trivial. 

Note that the reduction of the relative Spin"^ classes associated with s,t G 
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Z = H2(5^(r'^),r^) to Spin^ classes in Spm^(5^(T")) are the same if 
and only if m divides s — t. Suppose that t = s + km with A; > and 
both Mm{T"',s) and Mm{T"',t) are isomorphic to F. This implies that 
all four of s,t,m + 1 — s and m + 1 — t are greater than or equal to 
—n. Otherwise, say if s < —n, we will have m + 1 — s > n and thus 
i{s)+£{m + l — s) — l = 0. Also if m + 1 — s < — n, we have s > m + l — n > n 
and i{s) + i{m + 1 — s) — 1 = 0. We have thus seen that by the non- 
triviality assumption on ]H[^(X'^, 5), 5 ^ — 71 and tti -t- 1 — 5 ^ — n. Similarly 
km + s = t > —n and 1 — s + (1 — k)m = m + 1 — t > —n. These im- 
ply that —n <s<n + l — (k — l)m. In particular, the positive integer 
k is forced to be 1. Let us assume for a second that s ^ n + 1. Thus 
\s\ < n and m + 1 — s > n. Since M.ra{T^,s) = F we should have that 
s — n is odd. Moreover, t = s + m > n and since IHI^(X'^,t) — F, we should 
have t — n is odd, i.e. m + s — n is odd. If m is odd, this can not hap- 
pen. Furthermore, if s = n + 1, ]HI™(r",s) = Y\i(n+i)+e{m-n)-i\ ^ ^^^^^ 
M„(r",t) = ¥\^(n+i+m)+e{-n)-i\ ^ pO ^^^^^i contradicts our initial assump- 
tion. 

The above assumptions on m (that m > 2n is an odd number) imply that if 
s — t is a multiple of m, not both EIm(T", s) and MmiT"^, t) can be isomorphic 
to F. In other words, is a knot with simple Floer homology in the L 
space SiiT^). 

It is of course clear that the genus of is equal to the genus of T", i.e. 
n, and is thus not the trivial knot, although it has simple Floer homology. 

6.2. The Borromean knot B C #^(5^ x S^). One very interesting ex- 
ample of a knot with simple Heegaard Floer homology is the Borromean 
knot B C #^(5^ X S"^) = X which is obtained as follows. If we do 0- 
surgery on two of the three components of the Borromean link in S^, the 
resulting three-manifold of this surgery will be the connected sum of two 
copies of X S'^. The third component determines a null-homologous knot 
B C 4f^{S^ X S*^) = X which may be described by the Kirby diagram of 
figure m This genus 1 knot is usually called the Borromean knot. 
The Borromean knot has simple Floer homology. Note that Spin'^(X, B) = 
1? and that there is a unique relative Spin^ class corresponding to S Z'^, 
which will be denoted by Sq G Spin^(X,5). Then HFK(X,5;so) = (F2)o 
(i.e. F^ is supported in homological degree 0) while 

HFK(X,S;So±PD[^b]) = (F)^i, 

where denotes the meridian of B. What makes the Borromean knot 
interesting for our purposes is that the reduction of the relative Spin'^ struc- 
tures X — B which support a non-trivial knot Floer homology group to 
X is always the canonical Spin'^ structure of X = if^(S^ x 5^). This may 
suggest that for all practical purposes we may treat X as a homology sphere, 
and treat the canonical Spin'^ structure of X as the unique Spin*^ structure 
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on homology spheres. In other words, we may hope that theorem 15. II is still 
satisfied. The question which then rises is that where exactly our argument 
in this paper fails when we replace X for the homology spheres considered 
here? 

Below, we will show that the knot surgery formula of theorem 14.11 is not 
true for the Borromean knot. Namely, we will show that 

0HFK(X_i(B),S_i;so+iPD[^]) =F^ 

i 

and thus its rank is equal to the rank of HF(X_i(S)), while the surgery 
formulas predict that HFK(X_i(i3), = F^. This later prediction is of 
course clear from the proof of our main theorem and equation [40l which 
indicates that |HFK(X_i(5), = ^ + 4£i = 2 + 4 = 6. 

For the actual computation, we will use the explicit Heegaard diagram of fig- 
ure [5j The inner and outer circles are glued together, and two one-handles 
are glued to the resulting torus with attaching circles determined by two 
pairs of small circles to form the Heegaard surface S, which has genus 3. 
The bold red curve is the meridian of the knot C X^i{B). The dotted 
blue curves are the a-curves. The rest of /3-curves (i.e. /3i and /32) are de- 
noted by regular black curves, and the marked points u and v are placed on 
the two sides of the curve Ai. 

Associated with this Heegaard diagram, each generator should contain one 
element Xi € {xi,...,X5}, another element yj € {yi, ■■■■,y&}, and a last ele- 
ment Zk G {zi, ...,zq}. Such a generator will be denoted by {i,j,k). There 
are 40 generators associated with this Heegaard diagram, which may both 
be regarded as a Heegaard diagram for C X^i{B) and for X^i{B), de- 
pending on whether or not we exclude the holomorphic disks passing through 
the marked point v. The generators which are associated with any Spin'^ 
class on X-i{B) other than the canonical Spin'^ class cancel each other, even 
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Figure 5. A Heegaard diagram for the knot obtained by — 1- 
surgery on the Borromean knot B C #'^{S^ x S*^) = X. The 
bold red curve is the meridian of the knot B-i C X-i{B). 
The dotted blue curves are the a-curves. The inner and outer 
circle are glued together, and two one-handles are glued to 
the resulting torus with attaching circles determined by two 
pairs of small circles to form the Heegaard surface S, which 
has genus 3. 



if we only use the disks not passing through v. We should thus consider the 
generators in the canonical Spin'^ class. There are 16 such generators which 
are listed below: 

I = Ii UXoUX_i, 

lo = {(1,4, 5), (1, 5, 4), (2, 1, 6), (2, 2, 6), (2, 3, 5), (3, 3, 1), 
(46) (3, 3, 2), (4, 1, 3), (4, 2, 3), (5, 5, 3), (5, 6, 1), (5, 6, 2)} , 

Xi = {(1,4,4), (2,3,4), (5,4,3)}, 
X_i = {(1,5,5)}. 

Here, Ij denotes the set of generators corresponding to the relative Spin"^ 
class s characterized by the property that f)(s) = j. Since X_i consists of 

a single element, it is clear that HFK(X_i(i?), ±1) = F, and we are 
down to showing that HFK(X_i(B), 0) = F^. 
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Note that there is a small rectangle R with corners xi,X2,y4 and 7/3 and 
that there is a small bigon Di connecting yi to 7/2 and another small bigon 
connecting zi to Z2- If we puncture all the domains except these 3 regions, 
the only differentials in the associated complex between the generators in 
Iq are differentials from 2) to 1), from {i,2,k) to {i,l,k), and 
from (1,5, A;) to (2,3,/c). The homology of the complex with this differ- 
ential is generated by the closed non-exact elements (1,5,4) and (2,3,5). 
It is then not hard to see that IIFK(X_i(i?), 0) is obtained from 
the complex ((1, 5, 4), (2, 3, 5)) with a differential induced from the origi- 
nal complex CFK(X_i(S),B_i;0). Thus, HFK(X_i(S), 0) is either 
zero or isomorphic to F^. It is easy to see that it can not be zero, as 
HF(X_i(5)) = F'^. We thus have shown that HFK(X_i(5), 0) = F^ 
and so IIFK(X_i(i?), i3_i) = F^, completing the computation. This indi- 
cates that the surgery formula of theorem 14.11 can not be true for this knot 
(which lives in a three- manifold with positive first betti number). 
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